Topological defects in ordered states with spontaneously broken symmetry often have unusual physical properties, such as fractional electric charge or a quantised magnetic field-flux, originating from their non-trivial topology. Coupled topological defects in systems with several coexisting orders give rise to unconventional functionalities, such as the electric-field control of magnetisation in multiferroics resulting from the coupling between the ferroelectric and ferromagnetic domain walls.
overall antiferromagnetic order parameter is decoupled from the direction of the macroscopic electric polarisation, as such correlation is forbidden by symmetry. It therefore came as a surprise when non-linear optical measurements of YMnO 3 demonstrated that ferroelectric domain walls are locked to magnetic ones.
14 Furthermore, this clamping was found to be non-reciprocal, as "free" magnetic domain walls, not associated with the electric polarisation reversals, were also observed. Proposals for the clamping mechanism have included strain mediation 21 and renormalisation of spin interactions at ferroelectric walls.
22,23
Recently, new observational evidence has shed light on the mechanism for clamping. A combination of conducting atomic-force microscopy and transmission-electron microscopy demonstrated that the ferroelectric domain walls are pinned to the boundaries of the structural domains that appear upon transition to the trimerised state. 24, 25 These measurements also revealed intricate patterns of unusual line defects. These so-called 'cloverleaf'
defects, 24, 25 at which six different structural and ferroelectric domains merge, have also been seen in piezoresponse force microscopy. 26, 27 In Ref. 28 it was suggested that the line defects are discrete analogues of vortices, and that the change of polarisation sign at structural domain boundaries is a consequence of the special form of the coupling between the lattice distortion and electric polarisation originating from the "geometric" nature of ferroelectricity in hexagonal manganites. 7, 17 These results put the clamping between the ferroelectric and antiferromagnetic domain walls into an entirely new perspective.
In this paper we study the interplay between structural, ferroelectric and magnetic defects in hexagonal manganites using an expansion of the free energy in powers of the corresponding order parameters and their gradients. Based on symmetries of ordered states of these materials, this approach allows us to identify stable topological defects and describe their mutual interactions in the most economical way. In Ref. 17 Fennie and Rabe discussed the Landau theory of improper ferroelectricity for spatially uniform states of hexagonal manganites. Extracting parameters of the Landau expansion from first-principles studies of YMnO 3 , they showed that polarisation emerges due to a non-linear coupling to the trimerisation mode. We extend this theory to inhomogeneous topological defects and include spin degrees of freedom to study effects of the structural domain walls and vortices on magnetic ordering.
In the trimerised state three neighbouring MnO 5 bipyramids tilt towards (or away from) their common equatorial oxygen atom (see Fig. 1(a-c) ). 7 As a consequence of the hexago- nal structure of Mn-O layers, there are six distinct trimerised states, corresponding to six degenerate minima of the lattice energy. Being a periodic lattice modulation in a layered system, the trimerisation is described entirely by the amplitude Q and phase Φ. The physical meaning of the phase Φ is the azimuthal angle describing the in-plane displacements of apical oxygens (see Fig. 1(a-c) ). The minimal-energy states can then be labelled by the six values of the phase: 0, ± Microscopically, the trimerisation is the condensation of the zone-boundary K 3 mode with wave vector q = (1/3, 1/3, 0), which breaks the P6 3 /mmc symmetry of the undistorted phase lowering it to P6 3 cm. Similarly, the spontaneous electric polarisation P c is proportional to the amplitude of the zone-centre mode P with Γ − 2 symmetry. This polar mode is stable in the P6 3 /mmc structure, but is non-linearly coupled to the unstable K 3 mode, and therefore appears together with the trimerisation. The free-energy expansion in powers of Q, P, and their gradients,
is obtained using the transformation properties of the trimerisation phase Φ and the polarisation P c under the generators of the high-temperature space group summarised in Table I .
We consider only the lowest-order stiffness terms accounting for the energy cost of spatial variations of Q and P. (x, y) are the Cartesian coordinates in the ab plane (see Fig. 1 ), and by symmetry, s of the polar mode P by P c = V −1Z P, whereZ = 9.031e is the effective charge of the polar mode. Because of the negative stiffness, s x P , of the polar mode, the term
with t x P = 73.56eV ·Å 2 was added to Eq.(1) in order to calculate the structure of the domain wall shown in Fig. 3 
(a).
The numerical values of the parameters a, b, etc. in Eq. (2) for YMnO 3 are listed in Table II . In order to determine them, we performed ab initio supercell calculations for the various lattice distortions (see Appendix A). In particular, Fig In reality, the Φ-rotation of the tilted bipyramids is not a zero mode, because an additional cos 6Φ term is generated by minimising f with respect to P and eliminating P from Eq. (2), which lowers the energy by
. Fig. 2 (c) shows the dependence of the total energy on P for Φ = 0 (at which the energy has minimum) and Φ = π/6 (at the top of the barrier separating two minimal-energy states). Clearly, the anharmonic coupling between Q and P results in a strong Φ dependence of the energy. Therefore, even though the emergence of ferroelectricity in hexagonal manganites is improper, the coupling of trimerisation to polarisation is the only factor that determines the energetic barriers between different trimerised states, and is responsible for replacing the accidental continuous XY symmetry of f with the discrete Z 6 symmetry.
This has a strong effect on the structure of topological defects in the trimerised state, which can be described as trajectories in the (Q, Φ)-plane minimising the energy for given initial and final conditions. For example, a structural domain wall corresponds to a path connecting two energy minima. The shortest path connecting two 'neighbouring' states whose trimerisation angles differ by ∆Φ = ±π/3 (see Fig. 2(d) ) is the lowest-energy domain wall. This path follows the bottom fold of the Mexican Hat where the potential barrier between the two minima is the lowest, so that the amplitude of the trimerisation Q in the wall is close to its bulk value. Figures 3(a-b) show the coordinate dependence of Φ and Q across domain walls obtained by numerical free-energy minimisation. The domain wall width is 5 − 10Å and Q at the domain wall is reduced by about 10%.
Since the neighbouring energy minima separated by ∆Φ = ±π/3 have anti-parallel electric polarisations, the structural domain wall is at the same time a ferroelectric domain wall (see Fig. 3(a-b) ). The improper nature of ferroelectricity in hexagonal manganites forbids purely ferroelectric domain walls, i.e. the reversals of P c within one structural domain, since the sign of P c is uniquely determined by the sign of cos 3Φ. Furthermore, the structural domain walls with ∆Φ = 2π/3, separating states with the same electric polarisation, are unstable: they 'decay' into lowest-energy domain walls with ∆Φ = π/3 which we find to repel each other when they overlap. This explains the clamping between the structural and ferroelectric domain walls observed by Choi et al.
24
Spherical or cylindrical structural domains are unstable against shrinking, which explains the scarcity of closed domain wall lines in hexagonal manganites. 25, 26 To be stable, the domain walls must terminate either at the surface of the sample or at another type of stable topological defect -the structural vortex or anti-vortex, shown in Fig. 3(c) . At the vortex line, where the trimerisation amplitude Q vanishes, all six structural domains meet in such an order that the trimerisation phase Φ changes by 2π around a contour encircling the vortex line. 28 Such a defect cannot be unwound and can only be annihilated by an anti-vortex, around which the phase changes by −2π (see Fig. 3(c) ). Away from the core, the trimerisation phase Φ varies strongly only at the six radial domain walls. The electric polarisation changes sign at each domain wall and varies six times along a loop encircling the vortex line. These vortices and anti-vortices are the 'cloverleaf defects' observed in Ref. 24 . Fig. 3(c) shows a vortex-anti-vortex pair configuration obtained by minimising the energy for a given distance between these defects. The domain walls diverge radially from the vortex/anti-vortex core with the 60
• -angle between neighbouring domain walls. Far from the core they bend and become parallel to minimise the total length of the structural boundaries, which gives rise to a linear potential between the discrete vortices as opposed to the logarithmically growing potential for continuous vortices. 29 Despite this confining potential, vortex lines and domain walls form dense networks [24] [25] [26] [27] that are snapshots of states close to critical temperature capturing the formation of these topological defects by large thermal fluctuations.
30,31
A different type of topologically stable domain pattern is uncovered by considering the lowest-order coupling of the inhomogeneous trimerisation to strains, which has the form
where (x, y) are the Cartesian coordinates in the ab plane. With such a coupling, a parallel array of structural domain walls, each with the same increment of the trimerisation angle (∆Φ = ±π/3), is topologically stable (see Fig. 3(d) ). Because of the alternating electric polarisation at the structural walls, such a "Φ-staircase" is at the same time a ferroelectric stripe domain state, as stabilised in thin films by the long range dipole-dipole interactions. 32, 33 These interactions are, however, insensitive to the sign of ∆Φ at the domain walls, whereas the applied strain selects the direction normal to the walls, in which Φ increases monotonically.
Next we address the coupling between the magnetism and the structural/ferroelectric domain walls. The spins on the Mn ions in hexagonal manganites order in one of four different magnetic states: A 1 , A 2 , B 1 , and B 2 , shown in Fig. 1(d-g) . 34 Their origin can be understood by considering the hierarchy of interactions between the magnetic moments on orientation of spins (Fig. 1) . Finally, the interlayer exchange interactions, which are more than two orders of magnitude weaker than the intra-layer interactions, lead to either even ("A" phases) or odd ("B" phases) symmetry under the two-fold screw rotation2 c .
35
Due to the strong in-plane exchange, the angle between neighbouring spins remains close to 120
• throughout a magnetic domain wall. Furthermore, to match the directions of spins on both sides of the wall with the local in-plane anisotropy axes, the spins in the domain wall must rotate in the ab plane. Therefore, the structure of magnetic domain walls can be described by two angles, (ψ 1 , ψ 2 ), quantifying the rotation of spins around the c axis in the even and odd layers respectively, 21, 34 as shown in Fig. 1(h) . The transformation properties of ψ 1 and ψ 2 (see Table I ) determine the form of the magnetic free-energy density:
where χ 1,2 = ψ 1,2 − Φ. The first term originates from the nearest-neighbour exchange.
Comparing the energies of the 4 uniform phases (see Fig. 1 ): Terms proportional to spin operators of power higher than 2 are neglected. Equation (3) is used to calculate magnetic structure of the topological defects.
We first consider magnetic domain walls within one structural domain Φ = 0, in which case χ 1,2 = ψ 1,2 . The walls separate two magnetic states related by the time reversal operation, so that ∆ψ 1,2 = ±π across the wall. is the domain-wall thickness.
Importantly, within a domain, the reference triangles of Mn spins that are used to define the four magnetic phases have their apical oxygen ions tilted either towards or away from a common centre (Fig. 1) . This is because the tilts of the oxygen bipyramids, described by the angle Φ, determine the in-plane magnetic anisotropy axes. A shift by one lattice constant (of the non-trimerised lattice) within the uniform domain results in a 120
• rotation of the anisotropy axes, since Φ → Φ + 2π/3. To minimise the magnetic energy, therefore, ψ 1 and ψ 2 must transform in the same way: ψ 1,2 → ψ 1,2 + 2π/3. This is why the free energy Eq. (3) depends on χ 1,2 = ψ 1,2 − Φ, and why, in general, the "covariant" angles (χ 1 , χ 2 ), rather than (ψ 1 , ψ 2 ), should be used to describe the magnetic phases. Now considering structural inhomogeneity, it is evident that the magnetic structure must respond to the presence of a structural domain wall. At a structural domain wall with ∆Φ = π/3, for example, spins rotate either by π/3, in which case χ is the same on both sides of the wall, or by −2π/3, in which case ∆χ = −π. Thus, structural domain walls are also magnetic domain walls. In the lowest-energy configuration, ∆ψ 1 = ∆ψ 2 = π/3 (see Fig. 4(c) ), while the next-lowest-energy configuration has ∆ψ 1 = ∆ψ 2 = −2π/3 (see Fig. 4(d) ). Domain walls in which spins in neighbouring layers rotate over different angles, e.g. ∆ψ 1 = π/3 and ∆ψ 2 = −5π/3, are higher higher in energy. It is important to stress that the thickness of the magnetic domain walls -l ± ∼ 10 2Å -greatly exceeds that of the structural domain wall. The ∆ψ = −2π/3 antiferromagnetic domain wall clamped to the structural boundary (Fig. 4(d) ) has a nonzero moment along the c axis equal −2π/3M A 2 l + per unit area of the wall.
With these considerations, we can understand the simultaneous presence of "clamped"
and "free" antiferromagnetic domain walls in hexagonal manganites. To fit the parameters, we explore the variation of the DFT total energy with the magnitude of Q, Φ and P. The ionic positions are defined by the projection of the DFT ground-state P6 3 cm structure onto the Γ − 2 and K 3 modes of P6 3 /mmc combined with the desired value of Q, Φ and P. However, we fully optimise the cell parameters for each mode distortion to eliminate stresses. The result is that the homogeneous contribution to stresses have been implicitly eliminated through renormalisation of the Landau parameters.
The dependence of the free energy on P with Q = 0 is shown in Fig. 2(b) , reaffirming the stability of the polar mode in the high-symmetry structure, and therefore the improper nature of the ferroelectricity in YMnO 3 . Fig. 2(a) and (c) respectively show computations for the trimerisation mode and the coupling between trimerisation and polar modes.
With all homogeneous Landau parameters given in Eq. (2) specified, we now turn our attention to the stiffness parameters. The most convenient way to proceed is to write the spatial inhomogeneity in Q and P as a single harmonic, for example Q ( r) = Q q e i q. r with Φ = 0. The stiffness energy has then the form
This expression is harmonic in mode amplitudes Q q and P q . Note that in order to compute s i Q , we do not need to consider spatial variations in the Φ field. The computational cost of explicitly computing f s by imposing various short wave vectors, q, in our supercell densityfunctional calculations would be prohibitive. Instead we extract these harmonic terms using the method of frozen phonons combined with Fourier interpolation of the inter-atomic force constants, a method commonly used for computing phonon band structures. Fig. 5 shows our calculated phonon band structure for the high-symmetry structure (P6 3 /mmc) of YMnO 3 . The strongest instability at the K point is the cell-tripling K 3 trimerisation mode. As previously noted, all Γ phonons, including the Γ − 2 polar mode, are stable in the high-symmetry structure.
Multiplying the dynamical matrix used in the computation of phonon modes by the weighted mass, we obtain a q-dependent force-constant matrix: Table II. 
